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Á'uT k PV~  u)su  sq k u  ­¾  ­¯_qsu3 _ )u»¯ s f  ­­³~Gsusy±³~G¯Ëss)¸fu)qsu 
¹»­q7qsuq k u  ­¾  ­,f¯­3tu  fµ
Üu
L1(X , µ) su)ku-qsu7 _ )u7¯»­Zu)  ­u µ Àjtu  y  _­u  u  ¯Ësfsu)ÂsuÊJ²u  qsutu  y  _­u _ u X ¸_ufµ @[




Á'u k uu  uu),7qsu)²uÈ7y_yu P f¯ L1+
yq,q  $[
L1+ = {p ∈ L1(X , µ) : p(x) ≥ 0
¯Ë 
µ
À  t  
x ∈ X}
P = {p ∈ L1+ : ‖p‖µ = 1}Üu
φ
	u  )Zss  u  »¯´ss)­Å
Iφ ⊂ R+
 s Fφ(X , µ) qsuyu)b¯ µ Àjtu  y  u¯´ss)­s
p




φ(p(x))dµ(x) ∀p ∈ L1φ = L1+ ∩ Fφ













θ = (θ1, ..., θn)
¯
n




 ,sy­u  qsuy_yu FΘ f¯ Pφ = P ∩ Fφ [









w¶­  ¯  t±~?¯ s f  ­­³~®susy­³~®¯´ss)­s¯mqsu  sst ² k   u
x ∈ X µ Ð   u)J²u  ¸@­¹»		u  yystu),qsu¯Ë­J¹»sGq   ∀i, j = 1, ..., n [
Æfµ ∂p(x|θ)
∂θi













] ­  y­±²uuÂs­u ∀θ ∈ Θ
Á'u-¹»yqÃºZ  ¯ ~Êqsu,yu)sÃ² k   Ãf¯qsu,u    ~Ê¯´ss)­  3 qu7s  u))­ ¯ 
²u 
dp(θ)









u)sfsSqsu,Â  b  u bks Èt   ¯qsus­·	u  us)u7*u³¹u)u qu,u)sy­­u  yyZ  u
¹»­q7qsu _k tGu)u 3 
(θ1, ...θn)
 s




























uÂsu  y±­²usu)Âs­u¯´  tÌÉqsu  su) _ u  sÉqZ/­²u  u)t  ss  -tGu)  ­
Θ
¸ ½ sJ¹»  Tqu
φ
Àju    ~7tGu)  ­µ
   1 3pTq­»¯Ë­J¹»»¯  t qsuuÈ _ syf¯
(dp(θ))2
 s,qsu­su k ±³~,f¯qsu­u  Lµ 
pTqu
n × n t    ±È g(φ)ij
,qsu
φ
Àju)Z    ~ t    ­È	µ pTqsuº­su¼u)u)tu)
ds = (ds2φ(θ))
1/2 ­







  su  )J² k   »~tGtu)  ­u)sy  µ
/k ­s  yy­uqs­u)3¯Ë  qsuu    ~b¯´ss)­
φ
q  ²u	uu) s   yu)ÑµPÁ¼u)su)  u¸V
q­  u    ¸s7qsu|Zq  ssÄu)    ~  yyV)  u,¹»±q
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pTquu)Vsuy­s  s)u D ­ss)ubZ~Éqsus¯´  t  -tu   ds2 s u)²­sy­~Ésu  ±²ub¯  t¿qsuÚyqsu  ­s¯´  t  ¼t    ­È?¹  ­²u­  u)'¯Ë  )u    ­ _k tu  És­  ­s  "j¸   (j¸
Æ "L¸=âÒ"j¸ %"  sºfqsu  )µ Ð   u  u)u±~¸PÛ  ­²  Êx­u  â"mu  ­²u  ¼uÈ  ­±yfº¯
qus¯´  t  ,uZu)yuZ  ,¯Ë  qsuu)su  Ñt%s­±² ©   us  t  ÑtVsu)Lµ
Á'u  u)  ­q  ¸¯
t 7→ θ(t), t1 ≤ t ≤ t2
su)ku  )  ²u'yuftu®
Θ
	u³¹uu){³¹
e© tu  ¾)u,s  ±_­s
θ1, θ2




















Î6u)Vsuy­)  ²u,q k )u  ¾)u Z~Êqsu,¯  Gq  É­ÉtGst­¾u)qsu,s¯´  t  Ãu)Vsuy­
­  su D(θ1, θ2) ¸ufµ µm­»3y­¯@qu














= 0 ∀k = 1, ..., n j #
¹»qu  u
Γijk
k umqsuÛ/q  f·	u)~t	­¯VqsumÂ   ½ s*µm|Z­²Vs3qu	°su  ÀjÜ    su°uZ  s
 s,qsuu)²  ­  ,¯@quu)Vsuy­s­  su D )s­uf¸sfusu  L¸  s­Ís­T   ½ µ
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x  ±t  uf  		u­sGGsuÂ_su  )T,t%s±­² k   u  t  *s  ±_­s  s, k À
 ±~-±TGs­·	syf,u)sy  t  fu)¸¹usJ¹{)su)  u-qsu _ )u
S+(m,R)
¸ussJ¹u)7¹»±q





m × m  u  °~ttGu)  ­  y­±²uÀuÂs­u7t    ­u))µ¼w¶Gu)u)tu)Z k u7syu) ?suy  ­	u-qsu7)J² ©   s)u7t    )u)G¯3qsu-ÂsÈuÀ
tu  TYsusfu)SV~
ξ ∈ Rm #s  t  mtVsuYµ7pTq  ffqºqsuÉt ks sq    yyV)  u)u  q
Σ ∈ S+(m,R) ±3ft  su σij , i ≤ j, i, j = 1, ...,m ¸s¹uyuuq   S+(m,R) ­»yft y qs
Rn, n = 12m(m+ 1)
µ & u)suf¸Zqsu _k tuu   _ )u
Θ
¸¹»qsyuu­utu) k u






Eij , i ≤ j, i, j = 1, ...,m
qsuG  ss    y­¯mqsu%  su _ )u
TS+
Yuµ sµ
qu _ u¯²u  Âu­s#µTÁ¼uuJZ  ­­~,su)kuZ~
E∗ij , i ≤ j, i, j = 1, ...,m
qsu  Ñ  y¯
quf  fu» _ )u
T ∗S+











1ii , i = j




1ii , i = j
1
2 (1ij + 1ji) , i 6= j







 ts±³~,­  yy­­uµ
Ú_­J¹»­s  k (L¸ ÒQL¸ %"j¸ "   ­ÆÆL¸¹u¹»­	q k )u  ¾)u
S+
     ÍÉsu~ttu   _ )u¯´ 
¹»q­q')fyu'¯Ë  t!uÈ s uyy­s © u  ²    ub¯´  qsuby­s­'¯qsubu)Vsuy­buZ  f   
¹u­  ¯Ë  qsu%s¯´  t  f?u)Vsuy­%s  s)u   y ½ ¹»      ­  su"#µ|V­suf¸	Äqsu
uÈVyu))­s)¸
S+
¹»­	uGq k )u  ¾)u    qftu)sus _ uf¸Ñ¹uÂ    u)  ­  y­¯  )
,Ü­u  f    sÜ­u  u   ´¹u  u¯Ëu  qsu  u  u   ­ÆJÒ"@¯Ë  t  usu  ­#µ
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 w³¯ H ­  y    ¯      G ¸qsu)'¯Ë  ~ g ∈ G ¸quÉu)¯Ë  ­q%yu%¯ H k u u  u))±²u±~-uÂsu  Tquyyu)»¯
G
¯@qsu¯Ë  t {gh : h ∈ H}  s {hg : h ∈ H} µ
 w³¯ G     ­­  e e uf¸qsuyu)T¯Ñu)¯ËT)yu¯ H ¸ssu)sfu G/H   qftu)sus e ufµ
 Î{qstfusu)s/ _ u/q k u  ­¾u)ÉZ~qsu¯  /q  /­/q        qsttG y q­yt
τ(G)




 s  yyf­s  
u  qÊu­utGu
g
f¯3qsu7   
G
 t © ­
τ(g) : G/H → G/H ¹»­q   aH 7→
gaH ∀a ∈ G µ
 pTqu  fu _ )uf¯  Ü@u    G  »qsu­u)­³~,q  3qsu  s)  u¯  Ü@u  ­u) 
g
¸suµ sµ  ²u))   _ )u¹»­q7qsu­su k t ks ­s ½ sJ¹»  3qsuÜ­u   ½ u
[., .]
µ
w³º    yu
S+
  ?	uu)È  u)yyu)  qsuqstu)suf _ )u
G/H
¹»qsu  uqsuÜ@uGy   
H
­  yyV)  u),¹»­q7qsuÜ@uys  ­u 




Tqu  u)  Ñ  qsf  @   
SO(m)
µ
pTqu) y u)  s­s  ­u)   k u  u  u))±²u)­~
gl(m,R)
¸	qsuyu)¯
m ×m  u  t    ­u))¸  
so(m)
¸Ñquyu¯
m ×m  ½ u¹3Àj~ttu  t    ­u))µbpTqsu*¸ GL(m,R)  f S+(m,R) yq  »¯Ë  u  q
g ∈ G,Σ ∈ S+ ¸ τ(g) : Σ 7→ gΣgT µ
xsu%t          u  ³~Ä¯qsu­¯Ë  t  ­?tu  
ds2
¯´  qu%u)su  t%s±­² k   u%s  t  
­  ­s
p(.|θ) = N (ξ,Σ) ¸  /  ub â"L¸­/² k   s)ussu  qu»  sy¯´  t  f-
S+
suÂu)   [
(ξ,Σ) 7→ (ξ, PΣP T )
¹»qu  u
P ∈ GL(m,R) µÁ¼u  u)  q   ξ ∈ Rm   ÂsÈu)®tu  ®²u))   Σ qu%)J² ©   s)ut    ­È-¯qsus  ±s­*µ
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pTqu    °s  s)u  ­yuÈqs­­mqs­/­Z² k   su s   u  ³~µ & us)u3qsu»² k   s)u»ssu    sÀ
¯´  t  s3¯
GL(m,R)
µmpTqsusyuZsus)u3f¯qs3­u s   u  ³~ k u³¹f¯´­[
Ú  ¸Pqu-sy  TÜ@u)²±ÀÏÛ/­²±  ssu))­ %  yf ¯  u)uµºvsGyu))sÑ¸  sÃtG­t      ¸
S+
	u­É~Vttu  f¸qsu  u    s  u  fyqs  *u³¹u)u,qsuu)È  su)  Ñt k 	PÈ  ¯  t
 ­ut  s  ,futGu)  ~¸qsuuÈ  su  *t © u)È 
TUS








m×m t    ±È  squ  su)Z _ )u¯ S+ ­su)­Âu¹»±q S(m,R) ¸qu e u¯
m×m  u  Ñ~tGtu)  ­t    ­u))µ
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−1Ej1,j2) i1, i2, j1, j2 = 1, ...,m
jÒ #
GB  U %8
K  	8 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>	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 
   1 3pTq­-¯´f¹»-¯  t qsuÄqu)  ­?suÂ± f¯qsu®tu  usy  ¸ s   yuÅZ~  s¸
¹»q­q  tf»Éq k u  ­¾uqsu ½ u­qsVV  ¯³¹É­Â_s±uy­t  ±~)yus  ­f
¯
S+






















w¶3² k   s)u¹   s   yu)    s  )utu  y  u	u³¹uu)7³¹É­sss­  ­s)¸_uµ sµ









a ∈ R µ pTqsu² k   suÄ¯q­-s  ±_­ Åqsu®s  us A  


























k uG­su © ft  ff¯mqsuG  y­²u  )¸Ñ¹uGs±~?suu)?,  ­s  uqsu
tu)  ­u)y  ¯´  qu  ss  *  y­»Âu)
Eij
¸s¹»qsq,~u)sTqsu  uys­$[















ÎÃu)È  ­)­buÈ s uyy­ ¯qsuu)Vsu)y  ²u)
Σ(t), t ∈ [a, b] ⊂ R uu  tsu) Z~ qsu¯´­J¹»­~utWâÒ"_¹  /su  ±²u,Û  ±²  s,xu    "L´¹»qsu  u»qsu s V¯*¯	qsu¯Ë­J¹»s%  
*u¯´ssZ#µ
{





Î3u)È  yu),  "   Æ %"L¸squuZu)y © s¯  ft
Σ(a) ∈ S+ ,qsu  uf
Σ̇(a) = Σ(a)1/2XΣ(a)1/2 ∈ S = TS+
¹  ­u) [
Σ(t) = Σ(a)1/2
u)È 
(tX)Σ(a)1/2 ∈ S+ j#
¹»q­q    y	u3fs  su)Z~sy­qsu»   - f s u)²­sy­~Gu)sfu)Z~
τ(GL(m,R))

 u  qsu%)t    f®¯  ~u)Vsuy­%bqsu%  u)    yu
Σ(a) = Im
 ±¹   s   yu)
 Æ£"jµ
pTqu­s¯´  t  -u)Vsuy­s  s)u D 	u)³¹u)u  ~É³¹u­utu) Σ1  s Σ2 ¯ S+ T±²u)bZ~ququ)  u)t ´qsu s Vf¯T  u ~- ½ u)qsu,¯´  qsu k½ u¯) k ±³~  s­  ²    u  "#[
 + ÔZØ ¨ Ô  '@  ,    ÔB7 ¦ Ô7 '	

  %  






















































  %% >B 
 
 	8KP% |λΣ2 − Σ1| = 0 
   1 TÜu»s3sy­u  qsuyss © ²  ­uu))t  y­­¯
Σ = UDUT
¸sqsu
dΣ = dUDUT + UdDUT + UDdUT
 s
g(dΣ, dΣ)

























¸quyqs  u) _ q7  qsu²u-Z~
(I, D(t))









Æ£      N 	 BU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
B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 
  ¨ Ø.Ô ¨§10 Ô ¦ Ø* §+ Ô ( ÔZØ Ù Ô ¦C0´«460´¦§Jª 7 « Ô ¬
pTqsu?s  s)u D  S+ uÂsu  	J²u?uÈqs­­-ytu?s)u s   u  u)-q  -¹uSqsu  u  ¯Ëu ytGt k ¾)u([
Æfµ  y­±²­³~Z[ D(Σ1,Σ2) ≥ 0, D(Σ1,Σ2) = 0⇔ Σ1 = Σ2
Vµ|Z~Vttu  ~H[ D(Σ1,Σ2) = D(Σ2,Σ1)
ÒVµ»p    fusuJ  ­³~Z[ D(Σ1,Σ3) ≤ D(Σ1,Σ2) +D(Σ2,Σ3)
 sµ3w³Z² k   sussu  )s  sus)u  y¯Ë  t  ­s [ D(Σ1,Σ2) = D(PΣ1PT , PΣ2PT )
∀P ∈ GL(m,R)
Vµ3w³Z² k   sussu  ­Z²u  y­)[ D(Σ1,Σ2) = D(Σ−11 ,Σ−12 )pTquu  uu)  u  su    ?ÂsSt  uu  ­  	qs?qsu%uqs­    u    Z~®Ú   su 
 s Ð Vfu) ­ÆÆjµ
*,+ A 132
XEFZ13X2@/9< 13?/BADCE7GFH/ 9< . XENO134 87G2
46781/ 9,2 7,N R 4-U 12
46KMXY13469:EU
w³%  u  ¯´  qsu  s~qsu°  u)­Â)­u)¯Vqum e u°¯t%s­±² ©   u°s  t  ­  ­s)¸k¹u
¹isu)Âsuq  u)u­t      3Z  ­­u/¯  t  u)t  ss  7u)tu  ~H[qsu  u)t  sÀÏÛ/q  ­f·	u
  ²    uTusy  ¸qsu  )usy / sGqu  )y   k µPvTm	u)¯´  uT	u)s  uTsu)Âsu3qsu)yu













µ'pTqs¹  ~¸°u)²u ­¯
Σ(t)
  V  ¸Pqu-  fu _ )u
TΣ
Gt ks u)
Ä±yu­¯  fqs­%)  ²uÉ¸qsuÉ  ­¼¯
TΣ
  ¼	ubt ks u)¼  sfqsu  fJYuµ sµ
k±yu­¯#µpTqsubq  fu-­¼qsubs  u))­'¯  ²u  ssu  qs%t ks ­s?q k u  ­¾u)qsu
  ²    u¯qsut  s¯Ë*µ
pTquG  ss  P)su)S 7 u)t  ss  ºt  ­¯´­º­quGÜ@u)²V­ÀÏÛ/­²V­  )ssuf Y  )fÀ
² k   susu  ­²  ­²u"#µÎG­t          u  u)¯qsssu))­G­q  P­PP)t _ ±_­u¹»­q
qutu)  ­µmw³,fqsu  ¹  s)¸qsu)J² k   Z»su  ­²  ­²u¯qsutu  »¾)u  sµ
Ú  ­­~qu/Ü@u²­ÀÏÛ/±²­  )ssuf%)VuÍÉ)u)Z k u/±²uV~
n3
¯Ësf  u)qsu3Û/q  f·	u)
~t	3¯qsuyu)s ½ ­s
Γkij















vT  G¹u  *¸¹u,suu)ÃSqsVfyu,qsu  ÍÉsufsu))­Ã?	u)sysu  uÃys)u,qsG¹»
u)suqsu)  ²    u    u  u)»f¯qsut  s¯´f*µ
Ît k Æ»q  É  Vssu)  fuÀ _k tuu  ¯  t±~ ¯  ÍÉsu)ssus)¸ ½ sJ¹»  qsu
α
À
ssu))­s)¸7  su  %	uyu / u s u)yuqsu  ­y­    u  u)f¯Ñqsu¯  t±~b¯  k  _­±³~
­  ­s)µ°pTqu
α































Àj)su)7	­»sJ¹»,qsuÜu²­ÀÏÛ/±²­  )ssu*µÁ¼u  u)  *q  3­3
quGs±~Sfu7	u)t _ ­­uG¹»­q?qsutu  f¸Ñq  qsus­~®suGZ~®¹»q­qSqsu _k ­u
  s    »¯  ²u  sVuTsf  ·	u))3±3u)sfq*µ°pTqu
α
Àj)ssuf © usf3ft _ ­u¹»­q
qutu)  ­¯Ë 
α 6= 0 µ
Ð   uJ²u  ¸±  º	uÉyqsJ¹» - Ò #q  ¸¯Ë % ~ºuÈ  su  °¯  t­­~     u)  P³~  uÉ¯s  ±À
_­s®¹»qsq®qsu%t%s±­² k   u%s  t  tZu)  Ä	u  u)  #¸equ
α
À  ­ut  ÀÏÛ/q  k·*u)
  ²    u¹  ­u)
R
(α)
ijkl = (1− α2)RijklqVs3­²­s  ¾)u  
α
Àj)  ²    uGqsut±­² k   us  t  @tGVsu*¯´  ­
α 6= 0 µvTu  syu%¯qsu  sÀj)t _ ­­­³~¹»­qÄqsu%tu    sÄqsu  ss)u)
0
Àj  ²    u¸eqsu ±1 Àssu))­  u)  u­²u±~ ½ sJ¹»   	°¯     :  ²VZ#sk/yu)u)t¿	u  fVVÉ  s­  u»¯´ 
qu¯Ë­J¹»ssu  ­²  s3¯  )T7qu e uf¯t%s­­² k   us  t  *s  ­f)µPÁ¼u
¹»Zssuu)suu)f   e u/uÈqs­­  sÀ  y­±²uyu  V)  ²    u/  u  usy  u/qsu
u)È­us)u  sÄsZsusu)yf¯qsu  ­ut  s  Ä k ~)u)Zu  µTÚ  qs­  u  y*¸_¹u%­ ½ ¹»­q,qsu




α 6= ±1 ¹»­*q  ²uG	u­²u­  u)*µ
ÎmyqsJ¹»  k (  s s J²u  Ò"L¸qsu  u)t  sÀÏÛ/q  f·	u)  ²    uTu)sy  ) y u)  s­s
Gqsus¯´  t  ,tu)  ­¸¯Ë  ¾)u  kÀjtu  t%s­±² k   u  t  @s  ±s­s)¸_¹»±q
X,Y, Z, V*u)su)u)tu)»¯@qu  ss  *  y­f¯²u))  Âu)s  s
Σ ∈ S+ ­ [









w¶q  /ÆJ( ?3)t  su@_s­~ÉÆ)£3¯V¹»q­q k u°ssu  u)ssuDYys)u°¹u k u/­ ?3stu)sys#µ

bÔ ºª_¨ ¬ Á¼u»q  ²u  u)  uGqsu»u)È s u)yyÉf¯	qsu  ­ut  ÀÏÛ/q  k·*u)u)y  ¯´  qsu»  yu
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qsuÉ y u)  ')Vu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Σ = (σij), i, j = 1, ...,m
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ν = gijRicciij =
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Σ̂(0)
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S+
µw³¯V¹u°susfumZ~
Σ̂(s), s ∈ [0,∞)qu¯  t­­~7¯yf,¯
∂sΣ̂(s) = V (Σ̂(s))¹»qu  u
V
­3qsus  u))­¯u)²fÑ¸¹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Σ̂(s) ∈ S+(m,R), ∀s > 0
⇔ Σ̂(0) ∈ S+(m,R)  s V (Σ̂(s)) ∈ TΣ̂(s)S+(m,R) = S(m,R), ∀s > 0
Á'u%qZsu)¯Ë~
V
¹»­q?qsuG s fy­uG¯mqu² k   su  ±²  ­²u¯/f  fu))±²uG¯Ës
µ(Σ1, ...,ΣN )
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Kdt
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Σl+1 = Kdt(Σl), Σ0 ∈ S+
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Σ(t) ∈ S+(m,R), t ∈ [a, b]  
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Σ(t)
   ­­És  u
V = Σ(t)1/2XΣ(t)1/2, X ∈
M(m,R)
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­  u  s­~-¯´­J¹»Tq  
Σ(t+ dt) = Σ(t)1/2 exp (tX)Σ(t)1/2Σ(t)−1/2 exp (dtX)Σ(t)1/2
= Σ(t)Σ(t)−1/2 exp (dtX)Σ(t)1/2
w³¯
V
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S(m,R
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ufs  )[
X = −Σ(t)−1/2∇µΣ(t)−1/2
 s
Σ(t+ dt) = Σ(t)Σ(t)−1/2 exp (−dtΣ(t)−1/2∇µΣ(t)−1/2)Σ(t)1/2  #
su­¯Ë~­
Σ(t)
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Æ)£ #
  ¨ Ø.Ø ¦C0Ë§10 Ø87 @  A   BO	
%U
   5 




    	 ! 
B K
      %U	
	  	 























= Σl − dtΣlΣ−1l ∇µ
= Σl − dt∇µ
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(θ2θ5 − θ3θ4) /∆2 g14 = (θ2θ6 − θ3θ5)2 /2∆2
g15 = − (θ2θ6 − θ3θ5) (θ2θ5 − θ3θ4) /∆2 g16 = − (θ2θ5 − θ3θ4)2 /2∆2
g22 =
(












(θ2θ6 − θ3θ5) /∆2
g25 =
(
−θ4θ3θ1θ6 + θ4θ33 − θ6θ22θ3 + 2θ6θ2θ1θ5 − θ25θ3θ1
)
/∆2





3 − 2θ4θ2θ3θ5 + 2θ22θ25 − θ1θ4θ25 − θ22θ6θ4 + θ6θ24θ1
)
/∆2






















(−θ1θ5 + θ3θ2) /∆2


















¹»qu  uquuu  t  f¯qsu)J² k   )ut    ­È- [
∆ = |D| = θ1θ4θ6 − θ1θ52 − θ22θ6 + 2θ2θ3θ5 − θ23θ4
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